Abstract. We consider Fock spaces F p,ℓ α of entire functions on C associated to the weights e −α|z| 2ℓ , where α > 0 and ℓ is a positive integer. We compute explicitly the corresponding Bergman kernel associated to F 2,ℓ α and, using an adequate factorization of this kernel, we characterize the boundedness and the compactness of the small Hankel operator h 
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Let α > 0. For 1 ≤ p < ∞, we denote by L The research of the first three authors was supported in part by Ministerio de Economía y Competitividad, Spain, projects MTM2014-51834-P and MTM2015-69323-REDT, and Generalitat de Catalunya, project 2014SGR289. The research of the fourth author was supported in part by Ministerio de Economía y Competitividad, Spain, projects MTM2014-52865-P, and MTM2015-69323-REDT; La Junta de Andalucía, project FQM210. α/2 (see [8] and [15] ). Up to our knowledge, there are not known results on small Hankel operators for ℓ > 1. This is not the case for the big Hankel operator H b (f ) := bf −P 1 α (bf ). In [3] (see also [4] ) the authors prove that H b is a bounded operator on F 2,ℓ α if and only if b ′ (z)(1 + |z|) 1−ℓ ∈ L ∞ , that is, b is a polynomial of degree at most ℓ. It is also worth mentioning [13] , where are described the bounded, compact and Schatten class big Hankel operators on Hilbert Fock spaces induced by radial rapidly decreasing weights.
Observe that (1 + |z|) 1−ℓ ≃ (∆|z| 2ℓ ) −1/2 , |z| ≥ 1. It is well known that in the general theory of Fock spaces F p φ , the Laplacian of the subharmonic weight φ plays an important role (see, for instance, the recent papers [5] and [11] and the references therein). A natural question from those observations, which will be solved by the main results of this paper, is whether or not the boundedness of h ℓ b,α on F 2,ℓ α is described by conditions on b involving ∆|z| 2ℓ .
In order to introduce a natural space of symbols to study the small Hankel operator acting on F 
holds (see [9, Lemma 19(a)]). Hence, in the general setting we consider the space of holomorphic symbols given by
α , the operator h ℓ b,α is well defined on the space E of entire functions of order ℓ and finite type, that is,
Since E contains the space of the holomorphic polynomials, E is dense in f Since the boundedness of small Hankel operators is equivalent to the boundedness of the corresponding Hankel forms, as an application of Theorem 1.1 we obtain:
Then, Λ with respect to the pairing ·, ·
Here and troughout the paper, p ′ denotes the conjugate exponent of p. We recall that the weak product F
As far as we know, the techniques that have been used to prove characterizations of the boundedness and the compactness of small Hankel operators on the classical Fock spaces
α (see [8, 15] ) are strongly based on the fact that the Bergman reproducing kernel of F 2 α is given by the neat expression
αzw , which permits to factorize the kernel as
Thus, the proof is quite easy since the integral operator with kernel K 1 α (z/2, ·) maps the function f in the Fock space to the function f (·/2). However, the general situation on F 2,ℓ α , ℓ > 1, is much more involved because of the lack of such a simple expression for K ℓ α . In this general case we use the factorization
, where
Note that (1.3), which is given in terms of analytic functions, is possible because ℓ is a positive integer. For other values of ℓ it is not clear how to choose a suitable decomposition.
Finally, we characterize the membership of h α/2 (see [8] or [15] ). For ℓ > 1 the characterization is given in terms of the space
Observe that, while the descriptions of the boundedness and compactness of the small Hankel operators on F p,ℓ α obtained in Theorems 1.1 and 1.3 do not depend on the Laplacian of |z| 2ℓ , this is not the case for Hilbert-Schmidt operators. Taking into account our results, it seems natural to conjecture analogous ones for weighted Fock spaces induced by weights e −φ , where φ is a subharmonic function such that ∆φ is a doubling measure.
The paper is organized as follows. In Section 2 we state some useful properties of the Bergman projection, as well as the main properties of the spaces F p,ℓ α and of the small Hankel operator. In Section 3 we prove Theorem 1.1. In Sections 4 and 5 we give the proof of Theorems 1.2 and 1.3, respectively. Finally, in Section 6 we provide a proof of Theorem 1.4, which follows from the definition of the Hilbert-Schmidt norm.
1.1. Notations. Throughout the paper, N denotes the set of all positive integers. We denote by p ′ the conjugate exponent of p. The letter C will denote a positive constant, which may vary from place to place. The notation A B means that there exists a constant C > 0, which does not depend on the involved variables, such that A ≤ C B. We write A ≃ B when A B and B A. We will also say that h We begin the subsection recalling some useful embeddings of the generalized Fock spaces.
Proof. As we said in the introduction, the embedding F
is proved in [9, Lemma 19(a) ]. The rest follows directly.
Since our weights α|z| 2ℓ /2 are radial, the dilations z → λz, λ > 0, act isometrically on our spaces L p,ℓ α and F p,ℓ α , as it is stated in the following proposition.
Proof. The first assertion follows by making the change of variable w = λ 1/(2ℓ) z. The second assertion is a direct consequence of the first one for p = 2.
The Bergman kernel.
It is well-known that F 
The following result is well known (see for instance [2] ). 
Therefore, the sequence
is an orthonormal basis of F 
In particular,
Formula (2.5) shows that the Bergman kernel can be written in terms of the Mittag-Leffler functions. Namely,
It is known that the Mittag-Leffler function E1 
.
Here arg(λ) denotes the principal branch of the argument of λ, that is,
It is clear that (2.8) implies the following pointwise estimate of the Bergman kernel.
Proposition 2.4.
Observe that (2.8) also gives pointwise estimates of K ℓ α for ℓ not necessarily integer. However, in this non-integer case to obtain a factorization of the Bergman kernel as in (1.3) seems more difficult. Other estimates for more general radial weights are given in [13] .
f is well defined, that is, for any z ∈ C, the function
is integrable on C. Indeed, by Proposition 2.4,
β . Since u(P ) = P (z), for every holomorphic polynomial P , and the holomorphic polynomials are dense on F p,ℓ β , it turns out that
Proposition 2.5. For ℓ ≥ 1 and α > 0 we have: 
* , we are going to prove that there is
and so the restriction of u to F 2,ℓ β is a bounded linear form on this space. It follows that there is g ∈ F 2,ℓ β
(Note that ( * ) holds because both functions f and g are entire.) Thus it only remains to prove that b L
α 2 /β and α 2 /β < 2α. Therefore, for any f ∈ C c (C), we have that
, where (1) follows from Fubini's theorem and (2) holds since P ℓ α (T α f ) ∈ E. And hence
The last result of this subsection states that the dilation operators Φ ℓ λ , defined by (2.4), "conmute" with the Bergman projections.
By making the change of variable w = λ 1/(2ℓ) v and taking into account that
The small Hankel operator on
The next lemma gives some properties of the subspace of entire functions E defined in (1.1).
Lemma 2.7. The space E satisfies the following properties: Proof. The first three assertions are a consequence of the definition of E and the fact that e β|w| ℓ −γ|w| 2ℓ ∈ L 1 , for any β, γ > 0. The fourth assertion is a consequence of Proposition 2.4.
The density of E in F p,ℓ α is a consequence of the fact that the holomorphic polynomials are dense in F p,ℓ α (see [6, Theorem 28] ). In order to define the small Hankel operator for a large class of symbols we consider the space X
|z| 2ℓ < ∞.
Observe that H
The next proposition states the relationship between the the small Hankel operator h ℓ ϕ,α and the corresponding Hankel bilinear form defined by Λ
Proof. Formula (2.11) follows from Fubini's theorem and the fact that
is in L 1 (C × C). This is a consequence of Proposition 2.4. Indeed, if λ > 0 we have that
for some β > 0. Therefore by choosing 1 < λ < √ 2 we see that
As a consequence of the above proposition and Proposition 2.5(ii)-(iii) we obtain: Corollary 2.9.
(ii) The Hankel operator h 
The last result of this subsection shows that the dilation operators Φ ℓ λ , defined by (2.4), "conmute" with the small Hankel operators. Proposition 2.10. Let 1 ≤ p < ∞, α, λ > 0 and ℓ ∈ N. Then:
Proof. The proof of (i) is straightforward. Part (ii) follows from Proposition 2.2 and Proposition 2.6. Indeed,
for every f ∈ E, where ( * ) holds by Proposition 2.6. Then the above identity and Proposition 2.2 directly imply that h 
The following result is a corollary of Proposition 2.5(i).
2α . Then, for any ϕ ∈ L ∞ , we have that
= 2
(T α ϕ))(z) where (1) and (2) follow from (2.5) and (2.4), respectively. In other words, the projection P ℓ α on L ∞ is the composition of the following three bounded linear exhaustive operators:
is a projection from L ∞,ℓ 2α onto F ∞,ℓ 2α (by Proposition 2.5(i)) and the operator Ψ := 2 Proof. In order to prove (i), we show that for 1 ≤ p ≤ ∞,
, so Lemma 3.1 implies (3.12). Taking into account (3.12) for p = ∞, the proof of (ii) will follow after checking h ℓ b,α (E) ⊂ f ∞,ℓ α . Indeed, by Proposition 2.4, for f ∈ E and 0 < λ < 1, we have 
Choosing 2/3 < λ < 1, the last integral is finite and we get
Proof of the necessity.
In order to prove the necessity we need some technical results. The first one is a simple consequence of Stirling's formula.
Lemma 3.4. Let δ be a positive number. Then
(ii) Let a be a real number. Then
All the constants in the above equivalences only depend on δ and a.
Proof. (i) Stirling's formula gives
Since s 2 ≤ s + t ≤ 2s and |t| ≤ η, we have (s + t) t ≃ s t and (s + t)
(ii) Note that both terms of the estimate are positive continuous functions of s ≥ 0. So it is clear that we only have to prove that
and so we may assume that 0 ≤ a < 1. Let s ≥ 1 and let j ∈ N be its integer part. Then
It follows that
and therefore
is decreasing. Hence (3.13) holds.
The following lemma is an essential tool to prove the necessity. 
Proof. It is enough to prove the estimate (3.14) for |z| ≥ 1. Observe that Thus we only have to show that
Indeed, by integrating in polar coordinates and orthogonality,
Therefore Lemma 3.4 completes the proof:
Proof of the necessity.
α is bounded and we want to prove that b ∈ F ∞,ℓ
First of all, by Proposition 2.10 we may assume that α = 1. Now (2.9) gives that
We decompose the Bergman kernel as (·, z) , G 1 (·, z) ∈ E, and so (3.15) and Proposition 2.8 show
Therefore the boundedness of h
We claim that:
These norm-estimates together with (3.18) give |b(z)
If p = ∞, using the identity
On the other hand, by Proposition 2.4
Therefore, for 1 ≤ p ′ < ∞, we have
where
and
By Lemma 3.5,
Since J 2 (z) = J 1 (e iπ/ℓ z), we obtain the estimate (3.20). If p ′ = ∞, by using (3.21), we have
(1 + |z|) 2(ℓ−1) e |z| 2ℓ /8 .
Proof of Theorem 1.2
The next proposition will be used to prove Theorem 1.2. , there exists a unique h ∈ F ∞,ℓ 2α such that
. Thus, for f ∈ E, we have
This ends the proof.
Proof of Theorem 1.2. The proof of this result follows from standard arguments used in the setting of classical spaces of holomorphic functions. We only include a sketch of the proof for the sake of completeness. 
, which ends the proof.
Proof of Theorem 1.3
In order to prove Theorem 1.3 we will use a standard technique based on the following lemma.
Lemma 5.1. Let 1 < p ≤ ∞, ℓ ∈ N and α > 0. Let {g n } n∈N be a sequence of functions in E. Then, the following conditions are equivalent:
(ii) g n → 0 uniformly on compact subsets of C and sup
Proof. Assume that (i) holds. Then it is well known that sup n∈N g n F p,ℓ α < ∞, so {g n } is uniformly bounded on compact subsets of C. Moreover, since g n → 0 weakly in F p,ℓ α , then, for each z ∈ C,
Consequently, g n → 0 uniformly on compact subsets of C, by Montel's theorem. Reciprocally, assume that (ii) holds. By Proposition 2.5(ii)-(iii), we have to show that f, g n ℓ α → 0, as n → ∞, for every f ∈ F
by Hölder's inequality and the fact that sup n∈N g n F p,ℓ α < ∞. Moreover, since g n → 0 uniformly on compact subsets of C then I n (R) → 0, as n → ∞, for every R > 0. It turns out that f, g n ℓ α → 0, as n → ∞, and the proof is complete.
Proof of Theorem 1.3. By Proposition 2.10 we only have to prove Theorem 1.3 for α = 1.
First we prove that, if either h
is compact and we want to prove that b ∈ f ∞,ℓ 1/2 . Let G 0 , G 1 be the functions defined by (3.16 ).
1 ) is bounded, the proof of the necessity in Theorem 1.1 (see §3.2) implies that (3.17) holds, and so
. Then (3.19) and (3.20) show that
It is easy to check that g 0 (·, z) → 0 uniformly on compact subsets of C, as |z| → ∞. By Lemma 5.1 it follows that g 0 (·, z) → 0 weakly in F 
and so (5.22) gives that |b(z)|e −|z| 2ℓ /4 → 0, as |z| → ∞. Now we consider the case p = 1. By Corollary 2.9, the operator h By Proposition 2.10 it is enough to prove the result for α = 1, that is, to prove
In order to do that, first we estimate h 
, and
Proof. We begin proving (6.24). Let e n (z) = z n / z n F
2,ℓ 1
, n = 0, 1, · · · . It is easy to check that
Next we prove (6.25):
From Lemma 6.1 it is clear that (6.23) is equivalent to
which can be written as
Now, by Stirling's formula,
Hence (6.26) follows from the following lemma.
The key ingredient to prove Lemma 6.2 is the following important inequality. 
≤j≤n−1
In order to estimate the above five sums we recall that Γ is an increasing function on [2, ∞). Then, since r+2 ℓ ≤ 2, we have that
On the other hand, since
we also have that
Now (6.27) and (6.28) imply that is an integral operator with respect to the positive measure e −α|w| 2ℓ dν(w) and whose integral kernel is K ℓ α (w, z)ϕ(w). So it is well known (see [14, 
